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Abstract
Kuramoto oscillators have been proposed earlier as a model for in-
teracting systems that exhibit synchronisation. In this article we study
the difference between networks with symmetric and asymmetric distri-
bution of natural frequencies. We first indicate that the synchronisation
frequency of the oscillators is independent of the natural frequency distri-
bution for a completely connected network. Further we analyse the case
of oscillators in a directed ring-network where asymmetry in the natural
frequency distribution is seen to shift the synchronisation frequency of the
network. We also present an estimate of the shift in the frequencies for
slightly asymmetric distributions.
1 Introduction
The phenomenon of synchronisation is seen in interacting oscillatory systems
in nature. Most striking examples include the regular flashing of light by fire-
flies [1], simultaneous clapping by the audience in a theatre during an applause
[2, 3], Josephson junctions [4, 5] and chemical oscillations [6]. Collective syn-
chronisation was first studied mathematically by Wiener [7, 8]. He realised the
ubiquity of the phenomenon and speculated its involvement in generation of
alpha rhythms in the brain. Unfortunately Wiener’s mathematical approach
based on Fourier integrals [7] has turned out to be a dead end [9]. In 1975,
Kuramoto introduced a model which took into consideration oscillators which
were coupled to each other and showed the phenomenon of synchronisation for
sufficient large coupling strengths.
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The dynamics of a general ith oscillator in a system of N Kuramoto oscilla-
tors is given as
θ˙i = ωi +
N∑
j=1
Kij sin(θj − θi) ∀i = 1, 2, ..., N (1)
where θi and ωi are the phase and natural frequency of the i
th oscillator re-
spectively and Kij is the coupling strength between the i
th and jth oscillators.
For simplicity, we apply the mean field approximation and set Kij =
K
N for all
1 ≤ i, j ≤ N .
In this article we analyse the Kuramoto model with an aim to study the
difference in dynamics of the oscillators as the distribution from which natural
frequencies of the oscillators are chosen changes from symmetric to asymmetric
form. In particular, we study the change in synchronisation frequency as the
symmetry is changed under the limit of large N . We first analyse a complete
network of oscillators and show that symmetry of natural frequency distribution
has no effect on the synchronisation frequency. We then consider a network
of oscillators connected in a directed ring and obtain qualitative differences
between the symmetric and asymmetric cases. These differences are presented
as numerical results. We also analyse the differences analytically and present
an estimate of the shift in synchronisation frequency.
2 Synchronisation in completely connected net-
work
To show the independence of synchronisation frequency on symmetry of natural
frequency distribution, we consider the dynamical equation (1) for the com-
pletely synchronised state of oscillators under the mean field approximation. In
such a scenario, all oscillators have the same effective frequency θ˙i = Ω and the
equation gets transformed as
Ω = ωi +
K
N
N∑
j=1
sin(θj − θi) ∀i = 1, 2, ..., N (2)
Adding the equations for all i’s together gives
Ω = ωi +
K
N
N∑
i=1
N∑
j=1
sin(θj − θi) (3)
The second term in the equation drops out due to its antisymmetry in i and j
and leads to the synchronisation frequency Ω to be equal to the mean frequency
ωi. Hence we conclude that the synchronisation frequency is determined solely
by the mean of the distribution and not its shape.
3 Synchronisation in directed ring network
To construct a general system whose synchronisation frequency can be changed
by altering the shape of the distribution, we consider a ring topology in the
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oscillators where each oscillator interacts with its immediate neighbour only
and the last oscillators interacts with the first oscillator. This is described
mathematically as
θ˙i = ωi +K sin(θi+1 − θi) ∀i = 1, 2, ..., N (4)
with the boundary condition θN+1 = θN .
As in the previous case, the natural frequencies ωi’s are chosen from a general
distribution g(ω). From here on, we assume without any loss of generality that
the mean of g(ω) is zero. This is because in case, the mean is different, we
can shift to a frame rotating with the mean frequency without changing the
dynamics of the system. In such a rotating frame, the apparent frequencies
would seem to have a mean zero.
3.1 Numerical Results on synchronisation condition
To analyse synchronisation phenomenon in the directed ring network, numerical
simulations are performed by RK4 method for numerical integration at double
precision. Ensembles of oscillators with random natural frequencies are con-
structed [10, 11]. Natural frequencies are chosen from symmetric (Gaussian and
uniform) and asymmetric (χ2 and log-normal) distributions. For the simula-
tions the distributions are chosen to have mean zero and sampling is performed
using inverse Fourier and rejection methods [12, 13].
For each simulation, the time evolution of the order parameter [6]
O = reιψ = 1
N
N∑
j=1
eιθj (5)
is also computed. Here the coherence parameter
r(t) =
1
N
√√√√( N∑
i=1
cos θi)2 + (
N∑
i=1
sin θi)2. (6)
lies between 0 and 1 and measures the phase coherence. If all the oscillators
move in a tight clump, the phases are almost the same and r ≈ 1; whereas if all
the oscillators are scattered, then r ≈ 0.
The results obtained for symmetric g(ω) are similar to those of the mean
field Kuramoto oscillators. For very low K values we obtain r(t)→ 0 as t→∞.
For this case the value of θ˙ averaged over all oscillators fluctuates with time;
and we see no synchronisation.For a large value of K, r(t) → 1 as t → ∞ and
the system gets synchronised to the mean of the natural frequency distribution,
which is zero in this case.
For very low and very high values of K, the behaviour of the asymmetric
system is much like the that of the symmetric one. However for intermediate
values of K, the asymmetric oscillators become phase locked even for very low
value asymptotic value of r(t) (values less than 0.1) (Figure 1a). This can be
clearly seen from the fact that variance of θ˙i tends to zero with time (Figure
1b) and that the difference between the phases of the oscillators becomes ap-
proximately constant. What is more interesting is that in this state the effective
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Figure 1: Numerical results of simulations with asymmetric distribution of nat-
ural frequencies. The network gets synchronised as seen by the variance of
frequency decaying down to zero (in Figure(b)). For the same simulation, the
coherence parameter (in a) attains avery low value and the mean effective fre-
quency (in Figure(c)) — which is the common synchronisation frequency for
asymptotically low variance — settles to a value away from the mean of the
natural frequencies. Figure(d) shows the variance of the phases which stabilises
to a finite value showing spread of oscillators in the synchronised state.
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synchronisation frequency of the oscillators shifts from the mean of their natural
frequencies (Figure 1c).
The phenomenon of synchronisation at low values of r for asymmetric dis-
tribution points towards phases being spread out as the oscillators get synchro-
nised. While the possibility of such ‘spread-out synchronised states’ cannot be
denied in symmetric distributions, our simulations suggest that such a state is
seen only in networks with asymmetric natural frequency distribution.
3.2 Theoretical analysis of synchronisation condition
To obtain the condition for synchronisation, we assume that each oscillator
moves with an effective frequency θ˙i = Ω. We then invert the equation (4) to
obtain
sin−1
(
Ω− ωi
K
)
= θi+1 − θi ∀i = 1, 2, ..., N (7)
Summing over all oscillators cancels out the right hand side completely to yield
the condition for synchronisation to be
N∑
i=1
sin−1
(
Ω− ωi
K
)
= 0. (8)
Now to distinguish between the synchronisation frequencies of symmetric
and asymmetric natural frequency distributions, we use the Taylor expansion
of sin−1 x around x = 0
sin−1 x =
∞∑
n=0
Γ
(
n+ 12
)
√
pi (2n+ 1)n!
x2n+1. (9)
Note that this expansion is valid for the small phase differences θi+1 − θi and
hence for large enough K values.
Denoting the coefficients x2n+1 to be c2n+1, and taking x =
(
Ω−ωi
K
)
, we have
sin−1
(
Ω− ωi
K
)
=
∞∑
n=1
c2n+1
(
Ω− ωi
K
)2n+1
(10)
or explicitly
sin−1
(
Ω− ωi
K
)
= c1
(
Ω− ωi
K
)
+ c3
(
Ω− ωi
K
)3
+ c5
(
Ω− ωi
K
)5
. . .
Applying binomial expansion to each term in the RHS, we have
sin−1
(
Ω− ωi
K
)
=
∞∑
n=1
c2n+1
2n+1∑
j=0
(−1)j 2n+1Cj
(
Ω
K
)2n+1−j (ωi
K
)j
Summing over all oscillators and using equation (8), we obtain the condition
for synchronised state to be
∞∑
n=1
c2n+1
2n+1∑
j=0
(−1)j 2n+1Cj
(
Ω
K
)2n+1−j N∑
i=1
(ωi
K
)j
= 0. (11)
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Collecting the terms of sums of same powers of ωi’s together, the equation
can be written as an infinite series in the moments of the natural frequency
distribution of the oscillators equated to zero
0 =
(
c1
(
Ω
K
)
+ c3
(
Ω
K
)3
+ c5
(
Ω
K
)5
+ . . .
)
µ0
−
(
c1 +
3C1c3
(
Ω
K
)2
+ 5C1c5
(
Ω
K
)4
+ . . .
)
µ1
+
(
3C2c3
(
Ω
K
)
+ 5C2c5
(
Ω
K
)3
+ . . .
)
µ2
−
(
c3 +
5C3c5
(
Ω
K
)2
+ . . .
)
µ3
+ . . . (12)
where
µj =
N∑
i=1
(ωi
K
)j
. (13)
From equation (12), we require that each of the term of the series must drop
out to zero for synchronisation. Now, for a symmetric distributions, µj = 0 for
all odd j’s. We also note that the coefficients of µj for all the remaining terms
are of the form contain odd powers ΩK only. Hence we can see that Ω = 0 is a
stable solution to the equation for a symmetric g(ω) with mean zero.
For an asymmetric distribution of natural frequencies however, at least one
of the odd moments of the distribution is non-zero. That being the case, Ω = 0
is no longer a general solution as there are terms independent of
(
Ω
K
)
in the co-
efficients of µj for odd j. Hence the terms corresponding to those non-zero odd
moments do not vanish on substituting Ω = 0. Therefore for asymmetric dis-
tributions the synchronisation frequency differs from the mean of the frequency
distribution g(ω).
An estimate of the deviation of synchronisation frequency for slightly asym-
metric distributions can obtained by analysing the stability of roots of the equa-
tion (8). For this we invoke a general result concerning roots of continuous and
differentiable functions. Consider a continuous and differentiable function p(x)
which has a simple root at x = α. If a small perturbation is introduced in the
function in the form
z(x) = p(x) + q(x) (14)
where q(x) is another continuous and differentiable function and  is the size of
the perturbation, then for small perturbations, the root x = α′ of z(x) corre-
sponding to the root x = α of p(x) is given as [14]
α′ = α− q(α)
p′(α)
. (15)
For our purposes, synchronisation frequency of the oscillators is nothing but
the roots of the RHS of equation (8). For a completely symmetric distribu-
tion, the function contains µj terms with even j values only. Now, if a small
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asymmetry is introduced in the distribution by adding a small odd i-moment;
it effectively implies addition of a small µi to the equation (8). This term can
be considered a small perturbation with  = µi to the function with even µj ’s
whose one of the simple roots is known to be zero.
Hence considering a natural frequency distribution g(ω) which is asymmetric
only due to a small odd i-moment, the synchronisation frequency is obtained
by direct substitution in equation (15) to give
Ω =
ciµi
∞∑
j=0
(2j + 1) c2j+1 µ2j
(16)
where cj is the coefficient of x
j in the expansion of sin−1 x (equation (9)).
Some conclusions can be immediately drawn from equation (16). Firstly, as
the values of cj decreases with increasing j, the effect of asymmetry on shift-
ing of the synchronisation frequency is maximum if asymmetry is introduced
by increasing µ3 or the skewness of g(ω). Secondly as the denominator of the
expression contains weighted sum of even moments of the distribution, we can
conclude that a greater shift in synchronisation frequency will be observed for
a sharper distribution of natural frequencies. Thirdly, in general if the coupling
strength K decreases, the shift in the synchronisation frequency increases. This
is in accordance with the numerical simulations obtained where the synchronisa-
tion frequency of the oscillators is seen to converge to the mean as the coupling
becomes very large.
4 Conclusion
In this article we study the effect of symmetry of natural frequency distribution
on the synchronisation frequency of Kuramoto oscillators. After establishing
that synchronisation frequency of a complete network of oscillators is unaf-
fected by symmetry of the distribution of natural frequencies, we construct a
ring network of oscillators to observe a shift in synchronisation frequency for
asymmetric natural frequency distribution and an intermediate range of cou-
pling strength. We analytically show that oscillators can synchronise to the
mean of the frequency distribution only for symmetric distributions. As asym-
metry is introduced in a synchronised symmetric system; the synchronisation
frequency gradually shifts way from the mean. An estimate of the shift for
small asymmetry is also given. The results also qualitative predict the increase
in the shift with reduction in coupling strength which is also seen in numerical
simulations.
Although we have been able to come up with a network of Kuramoto oscil-
lators whose synchronisation frequency can be changed by introducing asym-
metries in the natural frequency distribution, a few questions still remain open
and unanswered. These include estimation of synchronisation frequency for a
more general asymmetric distribution and characterisation of phase difference
between the oscillators for the non-collapsed phase locked state. We hope that
future research will throw some light on the unaddressed issues and help us
characterise the effect of asymmetries in a more efficient way.
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